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ON THE STATE OF STRESS NEAR CURVILINEAR HOLES I N  SHELT;S 

G. N. Savin and A. N.  Guz' 

ABSTRACT 

The inves t iga t ion  of stress concentrations near holes 
i n  s h e l l s  is  reduced t o  the so lu t ion  of boundary value 
problems i n  which the var iables  are not separated e i t h e r  
i n  the solving equations or i n  the boundary conditions 
( r e f .  1). An exception t o  t h i s  i s  the spherical  s h e l l  with 
a c i r c u l a r  hole ( r e f .  2) and a cy l indr ica l  s h e l l  with a 
small c i r c u l a r  hole ( r e f .  3 ) .  A s  a r e s u l t  of t h i s  s i tua­
t i o n  it is  not possible t o  obtain an accurate solut ion of 
the problem f o r  other  hole shapes. 

The present  work proposes an approximate method of 
invest igat ing the s t a t e  of s t r e s s  i n  s h e l l s  near curvi­
l i n e a r  holes of arbi t rary shape based on the method of 
"perturbed boundary form" ( r e f .  4 ) .  For c e r t a i n  s p e c i f i c  
hole shapes t h i s  method i s  considered i n  reference 5. This 
method was applied by S. G. Lekhnitskiy ( r e f .  6) i n  the 
case of a two-dimensional problem of e l a s t i c i t y  involving 
an an is t ropic  medium. By applying the proposed method we 
obtain a sequence of boundary value problems f o r  a c i r c u l a r  
hole.  

I n  the case of a spherical  s h e l l  with la rge  holes and 
i n  case of cy l indr ica l  holes weakened with small holes,  we 
are  l e d  t o  problems i n  which the var iables  are  separable 
when holes are  of a r b i t r a r y  shape but do not contain angu­
l a r  points.  

The s t a t e  of s t r e s s  i n  a s h e l l  weakened by a hole i s  represented as a E* 
sum ( r e f .  1):l of the s t a t e  of s t r e s s  (Trio, . . . ,Qso)  i n  the continuous s h e l l  

which has not been weakened by the hole using the same boundary conditions and 
an addi t ional  s t a t e  of s t r e s s  involving the per turbat ions (Tn, . . . ,Qs) produced 

*Numbers given i n  margin ind ica te  pagination i n  o r i g i n a l  foreign text. 

'This breakdown of the state of stress i s  possible because the problem i s  
l i n e a r .  
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by the presence of the considered hole.  The i n i t i a l  s t a t e  of stress (Tn 0,..., 
Qs0 ) i s  cal led the basic  s t a t e  and i s  assumed t o  be known. 

The problem is t o  f i n d  the addi t ional  s t a t e  of stress (Tn, ...,Qs). 

Experimental invest igat ions ( r e f .  1) show t h a t  the per turbat ions near the  
hole with a contour devoid of angular points  have a l o c a l  nature and are at­
tenuated very rapidly a t  dis tances  away from the hole. To determine the  com­
ponents (Tn, ...,Qs) we can apply the theory of the  s t a t e  of s t r e s s  with a 

la rge  v a r i a b i l i t y  index. I n  t h i s  case the so lu t ion  of the formulated problem 
i s  reduced ( r e f .  1) t o  the  in tegra t ion  of the d i f f e r e n t i a l  equation 

V2V2@ -ix2Vk2Q=0 

with the corresponding boundary conditions. Here r0 i s  a r e a l  quant i ty  which 

characterizes the dimensions of the hole.  
dimensionless coordinates with respect  t o  ro. 

Equation (1.1)i s  represented i n  

Let us  consider the  plane of var iables  associated with the surface of 
the s h e l l .  Figure 1 shows the following: x,y--the orthogonal system of co­
ordinates;  r ,0--polar system of coordinates; r--the contour of the hole i n  the 
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plane of the var iables  associated with the surface of the she l l ;  n--the u n i t  
vector of the normal t o  contour; *--the angle between the normal and r a d i a l  d i ­
rec t ion  ( f ig .  1). The solut ion of equation (1.1)must satisf 'y the corresponding 
boundary conditions on the contour r and must s a t i s f y  c e r t a i n  conditions a t  
i n f i n i t y  ( re f .  1). 

2. Let us assume t h a t  the contour r has a shape such t h a t  the function 

produces a conformal transformation of the i n f i n i t e  plane with a c i r c u l a r  hole 
of u n i t  radius i n t o  an i n f i n i t e  plane with a hole bounded by the contour r. 
The function f i g )  depends on the  form of r ,  � << 1, and the roots  of the  equa­
t i o n  

must l i e  i n  the plane 5 ins ide  the c i r c l e  of u n i t  radius.  With these l i m i t a ­
t ions  the function w ( c )  (2.1) produces a conformal transformation of the  region 
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Figure 1 

external  t o  the u n i t  c i r c l e  on the region ex terna l  t o  the contour r ( f i g .  1). 
In  order t h a t  i n  each of the subsequent approximations we have a boundary prob­
lem with separable variables,  it i s  necessary t h a t  the so lu t ion  of equation 
(1.1)be representable i n  the form 

The values r, 8 ,  I) on the contour r are  equal when p = 1 

We represent the so lu t ion  of equation (1.1)and the  components of the 
state of s t r e s s  and deformation on the contour I? as  a s e r i e s  of the parameter E 

00 M 

With the solut ion i n  form ( 2 . 2 ) ,  w e  can use known equations t o  f i n d  /98
the  stress and s t r a i n  components i n  the polar  system of coordinates. TO de­
termine the corresponding components i n  the  coordinate system p, y, obtained 
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from (2.1) when1 p = 1, we use the  corresponding transformation equations (ref. 
1)for  the  stress and s t r a i n  components when transforming from one system of 
coordinates t o  another ( f i g .  1). The values of t he  quan t i t i e s  r, 0 and $ from 
(2.3) should be subs t i tu ted  i n t o  the  expressions which are  obtained. Sub­
s t i t u t i n g  (2.4) i n t o  (1.1)and re fe r r ing  i n i t i a l l y  t o  the  polar  system of co­
ordinates ,  we obtain an i n f i n i t e  system of equations which has the following 
form the j - t h  approximation 

I n  accordance with (2.2) ,  the  so lu t ion  of (2.6) may be wr i t t en  i n  the form 

(2.7) 


Relationships (2.3) a re  a l s o  expanded i n  s e r i e s  of C, while the  s t r e s s  
and s t r a i n  components a t  the contour r are  determined by the method specif ied 
above. For the j - t h  approximation we obtain 

m=o 

m=o 

m=o 

m=o 

m=o 
i-1 

'The coordinate l i n e  p = 1 i n  view of (2.1) i s  the contour of the hole. 
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-- 

A l l  of the q u a n t i t i e s  with indices j and m which a re  i n  the r i g h t  /99
sides of (2.8) have the following form 

I l a 2  l a  (p, 7), T J ~ )= I ai
~ , . ( m )= -(--- p a p  Im a,,, nroa apa  Im a m  (P,7)nroa pa a p  + --) 

___- aa ReQ,,,(p, 7 )HrJm)&-D l  --v 
roa ap  ar P 

The displacements u ( ~ )and v ( ~ )are  obtained by in tegra t ing  the systems of 
equations 

(2.10) 


Equations (2.8) a l s o  contain six d i f f e r e n t i a l  operators $( j -m)(k  = 1, 2, 

...,6), whose order is  indicated by the superscr ipt .  W e  w r i t e  i n  expanded form 

the operators k(j-m),which w i l l  be necessary i n  solving the formulated prob­
l e m  f o r  the  zero, f i rs t  and second approximation 
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By using re la t ionships  (2.3) we expand the  r i g h t  s ides  of the boundary-100 
conditions on the  contour r i n  s e r i e s  of 8 .  The funct ion Z m ( p ,  y) i n  (2.8)­

(2.10) should be in te rpre ted  as  the  so lu t ion  of equation (2.6) i n  the m-th 
approximation, i n w h i c h  r i s  replaced by p and 6 i s  replaced by y. I n  the  
j - t h  approximation only the  f'unction @ . ( p ,  y) i s  unknown while t he  funct ionsJ 

"(p, y) (m < j )  are  functions known from the preceding approximation. In t ro­

ducing the expansions of the corresponding components from (2.8) i n t o  the  con­
sidered boundary conditions,  we obtain a system of equations for determining 
the  coe f f i c i en t s  i n  functions fk j  (r) and g k j ( r )  from (2.7).  

W e  can see from (2.8) and (2.9) t h a t  i n  each of the  successive approxima­
t ions  {for  each j )  the problems are  formally reduced t o  problems f o r  a c i rcu­
lar hole i n  the plane 5 .  Thus the  so lu t ion  of the problem f o r  the  hole of a r ­
b i t r a r y  shape i s  reduced t o  a so lu t ion  of a s e r i e s  of boundary value problems 
f o r  a c i r c u l a r  hole. 
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The expanded form f ( C )  i n  (2.1) f o r  d i f f e r e n t  holes i s  taken from the  
function w(C) (refs. 6 and 7) which gives a conformal transformation of the 
region ex terna l  t o  the u n i t  c i r c l e  on the region ex terna l  t o  the hole of con­
sidered shape. 

The value of any quantity,  for example Ts*lI', obtained i n  the  n-th approxi­

mation w i l l  represent the following quantity 

(2.12) 

For a spherical  s h e l l  R r '  = R G '  = R,equation (2.6) w i l l  be /lo1 

The solut ion of equation (3.1) which s a t i s f i e s  the conditions a t  i n f i n i t y  
(ref. 1)w i l l  have the form 

Here Ajk, Bjk,  cjk and Djk are constants of the  Hankel funct ion of t h e  

f i rs t  kind and of the k- th  order ( r e f .  8) .  Solution i n  the form (3.2) makes it 
possible t o  obtain a so lu t ion  f o r  a problem involving a spherical  s h e l l  weakened 
by holes of a r b i t r a r y  shapes whose contours do not have angular points .  

A s  an i l l u s t r a t i o n  we s h a l l  present the value of  the  s t r e s s  concentration 
t. 	 coeff ic ient  k f o r  a hole of near e l l i p t i c a l  s ize  f o r  various values a/b i n  a 

spherical  s h e l l  loaded with a uniform externa l  pressure ( r e f .  5 ) .  We assume 
t h a t  the basic  state of s t r e s s  i s  momentless; it i s  assumed t h a t  the hole i s  

a 	 closed with a cover which t ransmits  only t h e  transverse force.  Assuming t h a t  
f o r  the s h e l l  R = 250 em, h = 0.3 em, ro = 1/2(a+b) = 10.5 em, v = 0.3; we 

obta in  t h e  following value f o r  the coef f ic ien t  k 

a - b  
= 4.29 +a--b12.77 COS 2y, 8 =- (3 .3 )a + b  a + b  
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The values represented i n  table  1have turned out  t o  be equal. 

a / b = l . O  1 .1  1.2 1 . 3  1 . 4  1 . 5  

k J , = , = 4 . 2 9  4.91 5.46 5.95 6.46 6 .85  

kI ,=, l ,n=4.29 3 . 6 3  3.13 2 .63  2.12 1.74 

4. Let us consider the  case of a c i r c u l a r  c y l i n d r i c a l  s h e l l .  

If i n  place of cp we introduce cp and @ unchanged % = w + incp, equation 
(2.6) f o r  the cy l indr ica l  s h e l l  w i l l  take on the  form 

I n  expressions (2.9) and (2.10) the s ign i n  f r o n t  of I m G m ( p ,  y) should be 

reversed. H e r e  the ox-axis coincides with the d i r e c t i o n  of the generatr ix ,  
while the oy-axis coincides with the d i r e c t r i x .  This change i n  designations 
i s  made so t h a t  they coincide with those assumed i n  references 3 and 9. 
Equation (4.1) cannot be represented i n  the form (2.7) ( r e f .  3) ,  however, f o r  

small holes (with an accuracy up t o  f3 
2) the unknown solut ion may be represented 

i n  the  form 

Uslng the r e s u l t s  of reference 9, we w r i t e  the  so lu t ion  of (4.1) i n  the 
form (4.2) f o r  a b i a x i a l  s t a t e  of stress when the  hole has two axes of / lo2 
symmetry coinciding i n  d i r e c t i o n  with the generatr ix  and the d i r e c t r i x  

Im Oj( r ,0) =-2 A,(j)(Inr +7')+ 7 7)cos 20 (A:') + B&J' + 
a 

c
(4.3) 

8 




1 1+ypK,"'] COS 20 + 12 A2(')r2cos 46 + 

Assuming t h a t  the basic s t a t e  of stress i s  momentless and equal t o  

T, 0 = ph, Ty 0 = qh, Sxyo = .ch, we w r i t e  the  components of the basic  state of 

.. Stress  i n  the cy l indr ica l  s h e l l ,  f o r  accuracy up t o  the term �*, i n  the form 

T , " ' = 1 / 2 ( p + q ) h - - ' / 2  ( p - - q ) h c o s 2 7 - ~ h s i n  2 7 - 1 / 2 ~  [ f ( G ) - f ( L ) ]  X 

(4.4) 

A s  an example we s h a l l  consider the  stress concentration near a square 
hole with rounded corners when the s h e l l  i s  extended along t h  generatr ix .  I n  
t h i s  case f ( 5 )  i n  (2.1) should be taken i n  the  form f ( 5 )  = c-?, = &1/9, and 
it should be subs t i tu ted  i n t o  the d i f f e r e n t i a l  operators (2.11). 

Let us  assume t h a t  the hole i s  f r e e .  Then the boundary conditions / lo3
w i l l  be 

I 

where Tno and Snso are determined from (4.4) with q = T = 0 and f ( 5 )  = 5 -3 . 
The zero approximation coincides with the so lu t ion  f o r  a c i r c u l a r  hole 

( r e f .  3), according t o  which T,(O) has the form1 

IHere we take i n t o  account the inaccuracy (ref. 10) permitted i n  reference 3. 
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Tt?) =p h  [1-2 cos 2y  -1/2np2 cos 2 y ]  (4.6) 

We s h a l l  include the coef f ic ien t  i n  f r o n t  of �j from TSo (4.4) i n  T s ( j ) .  

From the boundary conditions (4.3) taking i n t o  account (4.4), (4.3), (2.11), we 
determine the constants contained i n  (4.3) when j = 1, 2 

(4.7) 

When j = 1, 2 the other  constants i n  (4.3) a re  equal t o  zero. Taking i n t o  

account (2.11) and (4.7) we f ind T S ( I )  and Ts(2) from (4.3) 

TJ')= p h [ - 2  COS 2 y  + 6 COS 4y - G COS 6y ­
- np2'/z (1-3 COS 2y  + 3 COS Gy) 3 (4.8)

Ty@)= p h [ - 2  cos 2y - Ci cos Gy -1- 18 cos 8y -/= 18 cos 1Oy =/= 

$. '/infi2(4COS 27 - 12 COS 47 - 18 COS 6y - 18COS 1Oy) 

According t o  (2.13) the value of Ts*lr i n  the second approximation has 
the form 

If 8 = 1/9, then the diagonal of the square w i l l  coincide with the  direc­
t i o n  of the generatrix;  when 8 = -1/9the diagonal of the  square i s  a t  an angle 
of 1/2 TC with respect  t o  the generatr ix .  

W e  present the values k = Ts*/ph on I' when y = 1/2 TC f o r  a p l a t e  and a 

s h e l l  obtained i n  the zero, f i rs t  and second approximations, when 

10 




y = ‘ / zx ,  ro/lRx= 0.5, E = 

Approximation Zero F i r s t  Second Precise 

= +3.00 +4.25 +5.09 +5.38 f o r  a p la te
= +3.16 +4. 0 +5.37 - f o r  a s h e l l  

The second approximation f o r  the p l a t e  d i f f e r s  from the solut ion pre- / l o 4  
sented i n  reference 6 by 6 percent.  I n  the case of the s h e l l  we may assume f o r  
p r a c t i c a l  purposes t h a t  the convergence r a t e  i s  sa t i s fac tory ,  s ince the first 
approximation i s  52 percent g r e a t e r  than the zero approximation, while the sec­
ond approximation i s  14  percent g r e a t e r  than the  f i rs t  approximation. 

We present the values of k when y = 0 and y = 1/2 fi f o r  d i f f e r e n t  values 
F of ro/mh with v = 0.3. 

P l a t e  Shel l  

r o /  VG= 0.0 0.2 0.4 0.6 

- -1.31 -1.34 -1.53 -1.81 
kI (Y  5 0) - -0.87 -0.88 -1.93 -1.00 

kl(y = = 	 +5.00 4-5-12 +5.28 -1-5.52 
3-1.99 +2.00 42.06 +2.14 

Here the upper values are  f o r  e = 1/9,while the lower values a re  f o r  
E = -l/9. We can see t h a t  the s t r e s s  concentration coef f ic ien t  depends on the 
curvature of the s h e l l  and t h a t  t h i s  re la t ionship  i s  p a r t i c u l a r l y  pronounced 
when y = 0. Thus, within the considered l i m i t s  of ro/&, the  maximum increase 

i n  the s t r e s s  concentration coef f ic ien t  i s  grea te r  than t h a t  f o r  a case of a 
p l a t e  by a f a c t o r  of 1.37 ( i . e . ,  when r o / K h  = 0 ) .  On the other hand, the in­

crease i n  the maximum s t r e s s  concentration coef f ic ien t  i s  small (approximately
8 percent ) .  

Figures 2 and 3 show the d i s t r i b u t i o n  of s t r e s s e s  Ts* on the contour of 

the hole when v = 0.3 and ro/= = 0.6 f o r  a s h e l l  and a p l a t e .  Let us consider 

b r i e f l y  the case when the cy l indr ica l  s h e l l  i s  under tension and i s  weakened by 
a nonreinforced e l l i p t i c a l  hole. 

This problem i s  considered i n  d e t a i l  i n  reference 11. Here we  present 
only the value of T,*lr f o r  v = 0.3,  taking i n t o  account the second approxi­
mation 

(4.10) 
x (cos 4 ~ -0.5 cos 2y -0.5 cos 6y)] -0.65 ~‘a&;), ph [cos 2.1+ 
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--- 

It follows from (4.10) t h a t  the q u a l i t a t i v e  difference i n  the d i s t r i b u t i o n  
of forces  i n  the s h e l l  compared with the  p l a t e  w i l l  take place when y = 0. Thus 

i n  t h i s  case f o r  a p l a t e  we have Ts*lI' = -ph, independent of a/b, ~ j &  /lo>
i n  the shell 

(4.11) 

'This dependence w i l l  be s u b s t a n t i a l .  

To estimate the rate of convergence of the obtained solut ion (4.10), we 

present the values of  k = Ts*/ph for y = 1/2 a, a/b = 1.4, 1/2(a  + b)/m= 0.5,  

v = 0.3 i n  the zero, f i r s t  and second approximation. 

Figure 4 shows the d i s t r i b u t i o n  of forces  Ts*lI' f o r  a s h e l l  and a p l a t e  

when the values of the parameters a re  as  specif ied above. The maximum increase 
i n  the concentration coef f ic ien t  i n  t h i s  case is  a t ta ined  when v = 0 and i s  
equal t o  23 percent, compared with i t s  value f o r  the p l a t e .  On the other  hand, 
the increase i n  the m a x i m u m  concentration coef f ic ien t  i s  i n s i g n i f i c a n t  ( 5  per­
c e n t ) .  

Approximation Zero F i r s t  Second Precise 
k(y = 1/2  a) = +3.OO +2.32 +2.44 2.43 f o r  a p l a t e  
k(y = 1/2 .JS)= +3.16 +2.44 +2.57 - f o r  a s h e l l  

1 '  

S h e l l  

X .I 

Figure 2 Figure 3 
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< Figure 4 

From the numerical examples which we have presented it follows that in the 
case of tension (compression) of a cylindrical shell along the generatrix, when 
the latter is weakened by nonsupported holes of arbitrary form, the maximum 
stress concentration coefficient in the shell differs little from the maximum 
stress concentration coefficient in a plate, when the loading is the same. TO 
determine the maximum stress concentration coefficient during the tension of a 
cylindrical shell, weakened by a small unsupported hole of arbitrary shape, we 
can use the values of the stress concentration coefficients for the correspond­
ing holes in a plate with an accuracy of 5 to 8 percent. 
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T h e  aerotiautical and space activities of the United States shall be 
conducted so as to contribute . . . t o  the expansion of  him" knowl­
edge of phenomeiia in the atmosphere and space. The Administration 
shall provide for the widest practicable and appropriate di~seininatioii 
of information concerning its activities and the resiilts thereof ." 
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